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Abstract

The variational equations derived in Part 1 of this work are extended to include the superposed angular
velocity by means of the Coriolis effect. The resulting equations enable a semi-analytic treatment for the
calculation of the dynamic characteristics of a vibratory angular-rate gyroscope composed of small
piezoceramic bimorphs arranged in the shape of one half of a single tuning fork; use of mirror symmetries of
that basic shape allows the construction of an H-shaped tuning fork gyroscope. The calculations are
performed at the resonant frequency of the fundamental flexural mode. The dimensions of a typical half of a
tuning fork shape structure considered in this work are approximately 2:6 mm� 0:88 mm� 0:16 mm; which
has fundamental natural frequencies ranging between 5 and 8 kHz; and can measure rotation-rates at least as
high as 40 RPM: In order to have greater sensitivity it is necessary to have simultaneously large amplitudes of
vibration in both the actuating and sensing modes. On account of this the two forced vibration problems are
solved only at the matched first natural frequency of the fundamental flexural mode, which is obtained from
the eigenanalysis that enables the selection of geometry for the frequencies to be matched.
r 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Clearly the introduction to Part 1 [1] pertains to this work also and will not be reproduced here.
At this point, it is worth noting that the complete analytical formalism required in the treatment is
presented in Part 1 in the absence of the angular velocity, which the gyroscope is intended to
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measure. However, no solution functions are presented in Part 1, nor were any results of
calculations presented.

In this work the analytical formalism is extended to include the angular velocity in the
sensing vibration mode. In addition, all solution functions required in each region of the
gyroscope are obtained here and some numerical results are presented and discussed. In
particular, the semi-analytic treatment developed in these works is employed in the calculation
of the optimal design conditions for equal resonances of the actuating and sensing modes along
with the sensitivity as a function of the superposed angular velocity for a range of quality
factors.

2. Solution procedure for a forced vibration problem of a half tuning fork shape gyroscope

2.1. Development of variational equations of the system under rotation

The tuning fork described in Fig. 1 of Ref. [1] now rotates with a constant rotation-rate O about

the x
ðAÞ

1 axis. The position vector of the point of the body P at the generic time t is given by

y ¼ xþ u: ð1Þ

Here, x is the position vector from the origin of the body axes to a point of the body in the
undeformed state, u is the deformation vector, y is a position vector from the origin of the body
axes to the point of the deformed body.

Since Hamilton’s principle is valid only for holonomic systems, non-holonomic kinematical
conditions cannot be included in the energy function [2], because non-holonomic constraints are
differential relations not derivable from a functional. However, the motion of such a system can
be taken into account by extending Hamilton’s principle to include the virtual work due to the
nonholonomic conditions in a d’Alembertian manner.

The d’Alembert inertia force dFI induced by the rotation of the mass with the angular velocity
X included in volume dV has the form

dFI ¼ �2rðX � ’uÞ dV � rX � ðX � yÞ dV : ð2Þ

It should be noted that the motion of the reference frame gives rise to two apparent forces
having different characters. The first force in the right-hand side of Eq. (2) is the Coriolis
force, which depends on the velocity of the moving point and the second force is the centrifugal
force, which depends on the position of the point and is ignored in this work since jXj5o:
On account of the foregoing assumptions, the virtual work done by the Coriolis force induced
by the rotation of the reference system should be directly added to the virtual work in Eq. (1)
of Ref. [1]:

dW 0 ¼ dW þ dW I ; ð3Þ

where

dW ¼
Z

S

ð%t 	 duþ %sdjÞ dS; dW I ¼ �2

Z
V

ðrX � ’uÞ 	 du dV : ð4Þ

ARTICLE IN PRESS

J. Seok et al. / Journal of Sound and Vibration 280 (2005) 289–310290



The substitution of Eq. (3) into Hamilton’s principle to include the Coriolis effect, results in the form

d
Z t

t0

L dt þ
Z t

t0

dW 0 dt ¼ 0: ð5Þ

From Eq. (5), with Eq. (4), and the variational equations (10), (11) and (16), (17) of Ref. [1], we obtain
the variational equations with superposed angular velocity for the actuating motion in the form

TRA
1 þ TRA

2 þ TRA
3 ¼ 0; ð6Þ

where
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where the tilde ðBÞ is used to represent the terms related to the Coriolis forces and the gyroscopic
moments, which are treated as d’Alembertian inertial forces and moments in this work.

2.2. Forced vibration analysis for the actuating motion of the gyroscope

As noted in Ref. [3], the problem of the free flexural vibrations of a plate with two opposite
edges free and the other edges constrained arbitrarily cannot be solved exactly. In this work we
treat this problem by first obtaining the exact solutions for low frequency flexural waves in plates
with two opposite edges free. These solutions result in three sets of dispersion curves for

wavenumbers in the x
ð1Þ

2; x
ð2Þ

1 and x
ð3Þ

1 directions, respectively, in which we take the three sets of

differential equations from the homogeneous portions of the variational equation (6). Since the
configuration is such that the voltage drives the motion in the actuating direction and the
superposed angular velocity causes motion in the sensing direction and the angular velocity
satisfies the condition jXj5o; the sensing motion may be ignored in the forcing of the actuator.

Hence, the displacements orthogonal to the actuator motion, i.e., *uð0Þr

ð1Þ

; *uð0Þ
y

ð1Þ

; *w
ð2Þ
; *uð0Þ

1
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; are taken to

vanish in this section. In the homogeneous case from Eqs. (10), (11a), (11b), (51)–(53) of Ref. [1],
and in accordance with Eqs. (21) and (13), (19) and (23) of Ref. [4], the differential equation and
two conditions at the two free opposing edges of the annular sector plate in flexural vibration can
be represented in the form
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rh= %#D

q
:

From Eqs. (10), (11a), (11b), (55) and (56) of Ref. [1] and in accordance with Eqs. (8), (9) and
(7), ð3Þ2 and (4) of Ref. [5], we obtain the differential equations and the two conditions at the two
free opposing edges of the rectangular plate in plane stress in the form
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and from Eqs. (10), (11a), (11b), (46a), (46b) and ð50Þ2 of Ref. [1] and in accordance with
Eqs. (29) and (31), (32) with ð21Þ2 and ð23Þ2 of Ref. [3], we obtain the differential equation and
the two free edge conditions [with VA ¼ 0 in Eq. (6)] of the rectangular plate in flexural motion in
the form
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Following the procedures explained in Sections 3 of Refs. [3–5], we obtain the solution, which
yields three sets of dispersion relations for the out-of-plane motion of the annular sector plate, in-
plane and out-of-plane motions of the rectangular plates in the homogeneous case, i.e., when the

driving voltage VA vanishes. In the inhomogeneous case, i.e., when VAa0 and VA ¼ %VA eiot; we
take a relatively small number of these waves at a given frequency to satisfy the inhomogeneous
variational equation1 in Eq. (6).

According to Eq. (44) of Ref. [4], Eqs. (37) and (38) of Ref. [5] and Eq. (51) of Ref. [3], the
solution functions may be written in the form
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is a series-type solution with radial functional dependence as defined in Eq. (32) of Ref. [4]. All
quantities appearing in Eqs. (16)–(18) are explained in detail in Sections 3 and 4 of Refs. [3–5]. It

should be noted that w
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in Eq. (17c) and the second term in Eq. (18) are required in the description

of the actuator because v
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in the annular sector plate contains this motion through the power
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(17a), (17b) and the first term of Eq. (18),2 must be determined from the linear algebra obtained
from the variational equation that contains inhomogeneous edge and interface conditions, in
accordance with footnote 1. The solution of the inhomogeneous linear algebraic equations yields
the values of the unknown amplitudes and thus the solution for the vibration in the actuating
direction.

Since the foregoing analysis is completely non-dissipative, at resonance, which is of primary
interest in this work, the amplitude of vibration would become unbounded. Inasmuch as no real
material is actually non-dissipative, this never happens. However, when the damping is not great,
the self-adjoint description yields the resonant frequencies and everything else except the
amplitudes with great accuracy in the case of steady-state vibrations. Furthermore, in the lightly
damped case the actual details of the damping are irrelevant in the description. Under such
circumstances all that need be done is to replace the real driving frequency by the complex
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quantity

o 1�
i

2Q

� �
; ð19Þ

where Q is called the quality factor,3 in the calculation of the amplitudes in the inhomogeneous
case, and then take the real part of the solution.

2.3. Forced vibration analysis for the sensing motion of the gyroscope

Although in the case of the actuator all inhomogeneous terms occurred only in the edge
conditions and not in the differential equations, in the case of the sensor inhomogeneous terms
occur in the differential equations as well as the edge conditions. Consequently in this work, we
employ a solution procedure whereby we transfer the inhomogeneous terms from the differential
equations into the edge conditions [6]. In order to do this we write the solution as an auxiliary plus
a residual part and select the auxiliary part to be particular solutions of the inhomogeneous
equations in order that the residual part satisfies homogeneous differential equations. To this end,

we choose the auxiliary functions uð0Þr

ð1ÞA

; u
ð0Þ
y

ð1ÞA

; w
ð2ÞA

; u
ð0Þ
1

ð3ÞA

and u
ð0Þ
2

ð3ÞA

to be particular solutions of the

differential equations
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þ
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cE�
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without regard to edge conditions. Then inserting Eqs. (20)–(22) in the differential equation parts
(8), which are given by TRS

1 in Eq. (9a), we find that the residual problem satisfies the
homogeneous equations
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which causes all integrations over areas to vanish in Eq. (8) through TRS
1 ; and produces additional

inhomogeneities in TRS
2 and TRS

3 in Eq. (9b) and (9c), which appear in Eq. (8). The substitution of
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into what remains in the variational equation (8), i.e., TRS
2 þ TRS

3 ¼ 0; yields a
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set of linear inhomogeneous equations in the same number of unknown amplitudes as the
equations.

Eqs. (20)–(22) show that the inhomogeneous forcing terms contain the rotation-rate O and the
actuator velocity field. Since in the rectangular sections of the device the auxiliary solution is easily
obtained simply by taking terms proportional to each actuator term in the equations and solving a
simple algebraic equation for each amplitude, we do not present any detail here. However, in the
case of the annular sector plate some detail should be presented because the actuator solution is
given in terms of power series in r multiplying trigonometric functions of y and a trigonometric
function of y is in each inhomogeneous term. From Eqs. (20a) and (20b) and the fact that the out-
of-plane motion of the annular sector plate has displacement functions in the form

*v
ð1Þ

¼
XPðAÞ
ð1Þ

p¼1

X4
q¼1

X2
n¼1

*CðAÞ
pqn

ð1Þ

H
ðAÞ
pq

ð1Þ

GðAÞ
pq

ð1Þ

ðrÞsin iðAÞ
p

ð1Þ

yþ n � 1ð Þp=2

( )
eiot; ð26Þ

the forcing functions, which are the terms on the right-hand side of Eqs. (20a) and (20b), are
given by

2r ioO sin y 	 *v
ð1Þ

¼ r ioO
XPðAÞ
ð1Þ

p¼1

X4
q¼1
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n¼1

X2
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H
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pq
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2

� �
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2r ioO cos y 	 *v
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where

Lpk

ð1Þ
6 iðAÞ

p

ð1Þ

�ð�1Þk; ð28Þ

on account of the addition theorem for products of trigonometric functions.
The function G

ð1Þ
ðAÞ
pq ðrÞ in Eqs. (27a) and (27b) is a series-type function expanded about r0 in the

form (see Eq. (32) of Ref. [4])

GðAÞ
pq

ð1Þ

¼
XM
m¼0

%aðqÞm ðxðAÞ
p

ð1Þ

Þðr � r0Þ
lðqÞþm; lðqÞ ¼ 0; 1; 2; 3 for q ¼ 1; ::; 4; ð29Þ

where the %aðqÞm ð x
ð1Þ

ðAÞ
p Þ are known from the recursion equations obtained with the solution. We now

write the solution functions of Eqs. (20a) and (20b) in the form

uð0Þr
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¼
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u
ð0Þ
y
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¼
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where we have introduced the definitions

Fpqnk

ð1Þ
¼
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a
ðqÞ
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ð1Þ

r � r0ð ÞlðqÞþm; Cpqnk

ð1Þ
¼
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m¼0

b
ðqÞ
pnkm

ð1Þ

r � r0ð ÞlðqÞþm: ð31Þ

The insertion of Eqs. (27a), (27b), (30a), (30b) and (31) in Eqs. (20a) and (20b), and the

comparison of like powers of ðr � r0Þ yields the coefficients a
ðqÞ
pnkm

ð1Þ

and b
ðqÞ
pnkm

ð1Þ

in terms of the known

coefficients, which gives the auxiliary solution for the annular sector plate. As noted earlier at the
beginning of Section 2.2, the problems of the free vibrations of plates with two opposite edges free
and the other edges constrained arbitrarily cannot be solved exactly. Consequently, we proceed as
in Section 2.2. To this end, we first note that from Eqs. (16), (17a), (17b), (57) and (58) of Ref. [1]
and Eqs. (15)–(18) of Ref. [7], the differential equations and two conditions at the two free
opposing edges of the annular sector plate in plane stress can be represented in the form
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The procedures for the out-of-plane and in-plane motions of the rectangular plates, which are

for the elements V
ð2Þ

and V
ð3Þ

of the sensor system, have been explained in Section 2.2 in the

homogeneous case. In the inhomogeneous case, i.e., when Oa0; we take a relatively small number
of these waves at a given frequency to satisfy the inhomogeneous variational equation (see
footnote 1) in Eq. (8).
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According to Eqs. (49) and (50) of Ref. [7], Eq. (51) of Ref. [3], and Eqs. (37) and (38) of Ref.
[5], the solution functions may be written in the form
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; k ¼ 1; 2;m ¼ 2; 3 are the numbers of dispersion curves taken, DðSÞ
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are unknown amplitudes to be determined (see footnote 1), H
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homogeneous differential equations, zðSÞp
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wavenumbers, and f ðSÞ
pq
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ðrÞ and gðSÞ
pq

ð1Þ

ðrÞ are series-type vector solution functions with radial

functional dependence as defined in Eqs. (31a)–(31d) of Ref. [7]. In Eqs. (34)–(36) use has been
made of the fact that no flexural motion of the annular sector plate occurs in the sensing mode. All
quantities appearing in Eqs. (34)–(36) are explained in detail in Sections 3 and 4 of Refs. [3,5,7]. It

should be noted that u
ð0Þ
1

ð2ÞR

and u
ð0Þ
2

ð2ÞR

in Eqs. (35b) and (35c) and the second terms in Eqs. (36a) and

(36b) are required in the description of the sensor because uð0Þ
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and u
ð0Þ
y
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in the annular sector plate

contain this motion through the power series terms f ðSÞ
pq

ð1Þ

ðrÞ and gðSÞ
pq

ð1Þ

ðrÞ: In Eqs. (34)–(36), the

symbol S in the first place of the superscript represents the sensor and A; S in the second,
respectively, represent the antisymmetric and symmetric modes, if they exist. It should be noted
that all the amplitudes in Eqs. (34a), (34b), (35a) and the first terms of Eqs. (36a) and (36b)4 must
be determined from the linear algebra obtained from the variational equation that contains
inhomogeneous edge and interface conditions, in accordance with footnote 1. The solution of the
inhomogeneous linear algebraic equations yields the values of the unknown amplitudes and thus
the solution for the vibration in the sensing direction. Since we wish to operate the tuning fork
gyroscope at the fundamental natural frequency of both the actuator and the sensor, we would
like both fundamental natural frequencies to be the same. In order to find these frequencies we
employ Eq. (6) with Eqs. (7a), (7b) and (7c) for the actuator and Eq. (8) with Eqs. (9a), (9b) and
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(9c) for the sensor, both in the homogeneous case. In this case the solutions for the actuator in
Eq. (16)–(18) and for the sensor in Eqs. (34)–(36) differ in that there is an appropriate additional

amplitude factor for each dispersion curve taken in each region, which we denote F ðSÞ: In these
cases the amplitudes determined from the resulting linear algebras in the inhomogeneous cases are
known from the satisfaction of the homogeneous edge conditions at the opposite free edges in
each region, and the only conditions remaining in Eqs. (6) and (8) are at the interfaces and

extreme edges of the configuration. The homogeneous linear algebraic equations in the F ðSÞ in

each case are determined from the fact that the coefficients of each dF ðSÞ in Eq. (6) for the actuator
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Fig. 1. Plots of dispersion curves: (a) for rectangular plate, symmetric flexure (---) and antisymmetric plane stress (-

0-); (b) for rectangular plate, antisymmetric flexure (---) and symmetric plane stress (-0-); (c) for annular sector

plate, flexure (---) and plane stress (-0-).
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and in Eq. (8) for the sensor must vanish. Each linear algebra yields a transcendental determinant
that must vanish. The roots of these vanishing determinants yield the eigenfrequencies for the
actuating and sensing motions, respectively. We use these equations to select the geometry so that
the lowest of these eigenfrequencies are the same.

3. Discussion of results

The calculation was performed using a personal computer with the symbolic mathematics
package Maple [8] with quadruple precision. The piezoceramic material employed for the
bimorph structures in this work is PZT-5. Detailed material properties are listed in Table VIII of
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Fig. 2. Variation of the first natural frequencies of the configuration when the lengths of the rectangular plates are

equal: ---, sensing direction; -0-, actuating direction.

Fig. 3. Sensitivity curves of the gyroscope for different fixed Q factors (}: Q ¼ 50; � : Q ¼ 60; & : Q ¼ 70; W:

Q ¼ 80; v : Q ¼ 90; J: Q ¼ 100).
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Ref. [9]. The thickness of each angular-rate gyroscope element is fixed at 80 mm: Also, the width to
thickness ratios (b=h) of the rectangular plates and the annular sector plate are held fixed at 2.

Figs. 1(a)–(c) show the dispersion curves for the in-plane and out-of-plane motions of the
rectangular and annular sector plates in the low frequency range. The abscissa in these figures
represents the dimensionless frequency %o ¼ o=o0 (non-dimension: ND) with o0 ¼ p

ffiffiffiffiffiffiffiffiffiffiffi
c66=r

p
=ð2bÞ

and the ordinate in Fig. 1(a) represents the dimensionless wave numbers %g ¼ 2bg=p or %x ¼ 2bx=p of
the rectangular plate. Here, RðÞ and IðÞ represent real and imaginary parts of the arguments,
respectively. Based on the range of interest of the first natural frequency, we take two dispersion
branches for vibration in plane stress and three branches for the flexural vibration of the rectangular
plate for both symmetric and antisymmetric modes, and three dispersion branches for the vibration
in plane stress and four branches for the flexural vibration of the annular sector plate.

The same fundamental natural frequencies for both sensor and actuator motion directions
enable not only the reduction of the driving force but also cause the largest vibration in the
sensing direction for a given vibration in the actuating direction. In order to find the geometry for
the fundamental natural frequency to be the same, some tentative calculations were conducted
first to narrow the range of the geometry considered.

The configuration treated in this work has much merit, as a result of the smooth change in
direction of the tangent vector in the plane of the annular sector plate, as opposed to an abrupt
change. Furthermore, the symmetric structure of the configuration keeps the vibratory motion in
the sensing direction self-balanced; hence, the vibratory energy in the tines would not be readily
transmitted and dissipated through the support structure.

The length of the tine, composed of the two rectangular plates of equal length, is varied to find a
matched fundamental natural frequency of the system for both actuating and sensing. Fig. 2
exhibits a crossover point of the fundamental natural frequencies in both directions, which means
that the fundamental natural frequencies of the system in both actuating and sensing directions
are equal. Note that the lengths of both rectangular plates are kept equal. The abscissa in the
figure represents the lengths of the plates. This figure shows that the lengths of the plates with a

ARTICLE IN PRESS

Fig. 4. Sensitivity curves of the gyroscope for different fixed rotation-rates (�: Or ¼ 2� 10�5; &: Or ¼ 4� 10�5; W:

Or ¼ 6� 10�5; v : Or ¼ 8� 10�5; J: Or ¼ 10� 10�5).
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matched frequency5 %oE1:275� 10�3 are l=hE13:53 (o=2pE6:8 kHz; lE0:54 mm). Furthermore,
the ratio of the radius to the half thickness of the annular sector plate, which is the measure of the
length from the center of the annular sector to the mid-line of the plate, is r0=h ¼ 9: Here the
connecting pieces with the same density as the plates were employed between volume (1) and (2) as
well as between volume (2) and (3). The thickness ratio of each connecting element to the
thickness of the plate (tc=h) is fixed at 1. Since jXj5o; the decoupling procedure employed is very
accurate. Fig. 3 shows the calculated sensitivity of the gyroscope with rotation-rate for values of Q
ranging from 50 to 100. The sensitivity S has been defined as the ratio of the current induced in

the sensing plate to the current in the actuating plate, i.e., S ¼ j IS

/mS
j=j IA

/mS
j; m ¼ 1; 2: In Fig. 3,

Or has been defined as the rotation-rate O normalized by the actuating frequency o or Or ¼ O=o
(ND). The response of the vibratory gyroscopes near resonance depends on the quality factor Q of
the vibrator. Since Q cannot be calculated, it must be measured. Consequently, the calculations
have been performed for the range of values of Q shown in the figure. As expected the sensitivity
increases with increasing Q:

Fig. 4 shows the calculated sensitivity of the vibratory gyroscope with Q for values of Or

ranging from 2� 10�5 to 10� 10�5; which corresponds to rotation-rates O ranging from 8 to
41 RPM; and is not to be regarded as a limitation. As can be seen in this figure, the sensitivities
increase with increasing Q factor.
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5The angular velocity X has been ignored when the geometry is selected so that the fundamental natural frequencies

of the actuating motion and sensing motion are made the same because X is a variable and it is not meaningful to

include it. When the variable X; which is to be measured by the device, is included it separates the equal frequencies a

small amount. If the Q is not sufficiently small, the broadened response will exhibit two small peaks caused by the

separation in natural frequencies. However, if the Q is sufficiently small, the broadened response will show only one

peak. Although the gyroscope measures current and not frequency, this consideration has significant implication in the

use of the device.
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